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bits using the knowledge of joint distribution of sensor data.
In [5], the focus is on finding a class of maximum likelihood
estimators (MLE) that attain a variance that is close to the
clairvoyant estimator when the observations are quantized to
one bit. Without the knowledge of noise distribution, the work
of [4] proposed to use a training sequence to aid the design
of local data quantization strategies, and the work of [6]
and [7] proposed several universal (pdf-unaware) decentralized
estimation systems for distributed parameter estimation in the
presence of unknown, identically distributed, additive sensor
noises. In addition, minimal energy decentralized estimation
in sensor networks is also studied in [8].
To the best of our knowledge, most of the past works on
rate-constrained distributed estimation are posed for a given
number of sensors (one observation per sensor) [2]-[7], but
for rate-constrained problems, a more meaningful scenario is
I. INTRODUCTION
to constraint the total number of available bits B, that is, we
Wireless sensor networks (WSN) is an emerging technology are allowed to transmit up to B bits that have to be allocated
that has many current and future envisioned applications, among the observations, so there exists an interesting tradeoff
such as environment monitoring and battlefield surveillance. between the number of active sensors, i.e. the number of
A wireless sensor network is composed of a large number of observations, and the quantization precision of each active
geographically distributed sensor nodes. Each sensor is charac- sensor. In this paper, we address the optimal tradeoff and
terized by low power constraints and limited computation and design the optimal distributed estimation scheme to minimize
communication capabilities, but potentially powerful networks the estimation distortion at the given total bit rate B. The
can be constructed to accomplish various high-level tasks goals in this optimization problem are: (i) selecting a subset of
with sensor collaborations [1], such as distributed estimation, sensors to observe the phenomenon, (ii) selecting the quantizer
distributed detection, and target localization and tracking etc. for each active sensor to quantize the real-valued observations.
Compared with sensing and computation, communication
The rest of the paper is organized as follows. Section II
is the most energy consuming operation in wireless sen- states the distributed estimation problem under the total bit
sor networks, so reducing the communication requirement rate constraint and the background. In Section III and Secis essential to reduce the energy cost. On the other hand, tion IV, we present the optimal distributed estimation algothe communication capacity of wireless sensor networks is rithm for homogeneous sensor networks and heterogeneous
limited because the wireless channel is shared across the whole sensor networks, respectively. The simulation results is shown
network. Therefore, a total communication rate constraint is in Section V to demonstrate the performance of the proposed
necessary to avoid the communication collision that wastes algorithms. Finally, the conclusions are given in Section VI.
energy. In this paper, we address the rate-constrained disII. PROBLEM STATEMENT AND BACKGROUND
tributed parameter estimation in wireless sensor networks by
We consider a dense sensor network that includes N disimposing a constraint on the total bit rate, that is, only B bits
are used and optimally allocated among the local observations tributed sensors and a fusion center to estimate the unknown
to minimize the estimation distortion at the fusion center.
parameter 0. The total bit rate constraint implies a tradeoff
Recently, many rate-constrained distributed estimation between the number of active sensors and the quantization
methods have been investigated [2]-[7]. The work of [2], bit rate at each active sensor. Without loss of generaliza[3] addressed various design and implementation issues to tion, we assume the first K sensors are active. This can be
discretize the signal transmitted into one or several binary accomplished as follows (Fig. 1). First, each sensor makes

Abstract- We consider the distributed parameter estimation
in wireless sensor networks where a total bit rate constraint is
imposed. There is a tradeoff between the number of active sensors
and the quantization bit rate for each active sensor to minimize
the estimation mean square error (MSE). We first present an
optimal distributed estimation algorithm for homogeneous sensor
networks and introduce a concept of the equivalent 1-bit MSE
function. Then, we propose a quasi-optimal distributed estimation
algorithm for heterogeneous sensor networks, which is also based
on the equivalent 1-bit MSE function, and the upper bound of
the estimation MSE of the proposed algorithm is also addressed.
Furthermore, a theoretical lower bound of the estimation MSE
under the total bit rate constraint is stated and it is shown
that our proposed algorithm is quasi-optimal within a factor
2.2872 of the theoretical lower bound. Simulation results also
show that significant reduction in estimation MSE is achieved
by the proposed algorithm when compared to other uniform
methods.
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an observation, which is corrupted by spatially uncorrelated
additive noises and are described by Xk = 0 + nk (k =
1,
,K). Second, each of the K active sensors performs
= Qk (Xk) and transmits its quantized
a local quantization
message to the fusion center which produces a final estimation
of 0. The quality of an estimation for 0 is measured by the
Mean Square Error (MSE) criterion.
1=

With the probabilistic quantization scheme and the quasiBLUE fusion rule, the goal of this paper is to minimize the
bound of the estimation MSE, i.e.,
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where B is the total bit rate constraint, K is the number of
active sensors and bk is the quantization bit rate of the k-th
sensor.
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Fig. 1. The distributed estimation system under the total bit rate constraint.

If the fusion center has the knowledge of the sensor noise
variance (72 and the sensors can perfectly send their observations Xk to the fusion center, the BLUE estimator [9] for 0 is
known to be

In the homogeneous sensor network, where the noise variances for all sensors are identical, that is (7k = (7 (k
1,... N), it is natural and easily verified that each sensor
should quantize its observation with the same bit rate bk = b
(k = 1, ... N) to minimize the estimation MSE, so the
number of active sensors is B/b, and the estimation MSE
function is simplified to
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And the estimation MSE of the BLUE estimator is
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But the BLUE scheme is impractical for wireless sensor networks because of the high communication cost, so quantization
at the local sensors is essential to meet the rate constraint. In
this paper, we adopt a probabilistic quantization scheme [8]
as well as a quasi-BLUE estimation scheme, based on which
the optimal tradeoff between the number of active sensors and
the quantization bit rate of each active sensor is addressed.
As shown in [8], let x(b) be an b-bit probabilistic quantization of bounded observation signal x C [-W, W] with noise
variance (72, then x(b) is an unbiased estimator of 0 and

E ((b)-0S2 <72+

W

(2b -1I)2

for all b > 1

(3)

Now suppose all the observations of the K active sensors

Xk(k = 1, ... K) are quantized into bk bits discrete messages
k (bk) respectively with the probabilistic quantization scheme.

Then the quasi-BLUE estimator based on the quantized message has the following form,
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With this definition, a b-bit quantization sensor can be treated
as b equivalent 1-bit quantization sensors, each with the
same estimation MSE g((72, b). Further, the optimal distributed
estimation under the total bit rate constraint B can be treated
in an alternative way, where there are B same equivalent 1bit quantization sensors, thus to minimize the final estimation
MSE bound becomes to minimize the equivalent 1-bit MSE
function. The method based on the 1-bit MSE function is
stated as follows:
1) For each sensor, the optimal quantization bit rate is
identical and obtained by minimizing the corresponding
equivalent 1-bit MSE function

bOpt
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arg min g(u72, b)
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where the minimization involves just a simple onedimensional numerical search.
2) The total number of active sensors (KOPL) under the total
bit rate constraint B is

KOPt

1

(6)

2" )=72 + W2
which only depends on b. Notice that f u,
b) _2 + (2b-1)2
is just the estimation MSE bound of one sensor with sensing
noise variance (72 and b-bit quantizer as shown in Eq. (3). We
define an equivalent 1-bit estimation MSE function as

!oPtl

(9)

It is obvious that the proposed method based on the equivalent 1-bit MSE function is optimal if B/boPt is an integer,
otherwise, it is quasi-optimal. Also, the proposed method is
almost fully distributed.

and transmit their observations, and the quantization bit rate
of each chosen sensor is b"Pt (k = 1,. KOPt). Next,
we will analyze the estimation MSE bound of the proposed
method, which is stated in the following theorem. To simplify

IV. DiSTRIBUTED ESTIMATION IN HETEROGENEOUS
SENSOR NETWORK
In heterogeneous sensor networks, the observation noise
variance for every sensor is (7 (k = 1,... N), respectively.
Without loss of generalization, we assume (7X < ... <
So, if K sensors are needed, we just simply choose the first K
sensors that will minimize the estimation MSE. This scenario
leads to the general problem stated in Eq. (5).
To find the optimal number of active sensors and the
corresponding optimal quantization bit rate of each active
sensor to minimize the estimation MSE bound at the fusion
center, we adopt the Lagrange Multiplier method to analysis
the following equivalent problem,

the statement, we assume
analysis.
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where Op denotes the estimation of the parameter 0 by the
proposed method, and KOPL is obtained in Eq. (14).
Proof: To prove this theorem, we first introduce a lemma.
+
Lemma 1 f(o2r b) _ 22
)2 is the estimation MSE
boundfunction as shown in Eq. (3), and bhPt ((2) is the optimal
quantization bit rate defined in Eq. (13), then

K

which leads to the following two optimization conditions
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Its Lagrangian G is given as
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Theorem 1 The estimation MSE of the proposed method
based on the equivalent 1-bit MSE function under the total
bit rate constraint B is

bkc< B, bkc C E+, k = 1, ..,~K.
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Proof: The rigorous proof is skipped because of the
space limitation. Instead, we show the numerical relationship
between f((72 boPt((72)) and (72 in Fig. 2, where we can see
that the maximum value of f (a 2,bOPt (u2)) is less than 2.2872
and it is very close to 1 when the signal to noise ratio is high.
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But, unfortunately, we can verify that the optimal solution bk
(k =1,.I K) cannot be found in the closed form from
Eq. (12). Instead, we propose a quasi-optimal method to solve
the problem, which is also based on the equivalent 1-bit MSE
function. The procedure is stated as follows:
1) For each sensor, its optimal quantization bit rate bopt
k
(k = 1,... N) is obtained by minimizing its corresponding equivalent 1-bit MSE function
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where the minimization involves just a simple onedimensional numerical search.
2) The total number of active sensors (KOPL) under the total
bit rate constraint B is determined as
=
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-10
0
10
20

=

arg min g((7 , bk)
bk=
/g

=arg min [bk (7 2 + (2bk12)

KOPL

1.5~

f

(;

(14)

k=l

In short, the whole solution is: the KOPL sensors with the

smallest observation noise variances are chosen to quantize
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as

follows,
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This theorem gives the upper bound of the estimation MSE
of the proposed method. It is shown that the proposed method
is quasi-optimal (up to a factor of 2.2872) when compared to
the BLUE estimator using the same subset of active sensors.
As above, the performance bound of the proposed algorithm
is analyzed. Nevertheless, the remaining question is what
performance can be achieved if the total B bits are allocated
to any number of sensors, say M sensors. More specifically,
whether a lower bound of the estimation MSE less than
KoPt

Eo

(

k=1

denote the estimation MSE bound after the replacement, then
Ere <1E.
Proof: Let E= E and Ere
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where OB denotes the estimation of the parameter 0 under
the total bit rate constraint B, and KoPt is obtained by our
proposed algorithm above as shown in Eq. (14) such that
KoPt

Z

k=1kl

bopt

=

B.

Proof: We begin by introducing a definition and a
corresponding lemma required by the proof of this theorem.
Definition 1 In a sensor network with M sensors to estimate an unknown parameter, if there are two sensors i e
, N] with the observation
[1, ... KoPt] and j C [KoPt + 1
noise variances (j72 < ,j2 and the quantization bit rates
bi > bj, and bi < bjpt (that is, bi + 1 < bopt), then we
replace an equivalent 1-bit quantization sensor corresponding
to sensor j by increasing the quantization bit rate of sensor
by 1, that is, sensor i quantizes its observation using b' = bi+1
bits. We call this operation as equivalent 1-bit quantization
sensor replacement.
Lemma 2 Let E denote the estimation MSE bound before
an equivalent 1-bit quantization sensor replacement and Ere

bi
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where the step (*) holds because

g(7j, bj) > g(oj , bj) > g(o, bi) > g(o,b+ 1),
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which can be easily verified since
1) g(u2, b) increases over 72, and
2) g(u2, b) is convex over b (b > 0).
Now, we begin to prove Theorem 2. Assuming M sensors
< * < iM) are
***tj t<***tM (1 < *** <
used, and the corresponding observation noise variance are
2
~~~2 <
(72l 2< ... < (72Kopt
... < (M respectively, it is obvious
that ik > k and a 2 > c72. The quantization bit rates are

bl,
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Theorem 2 For any quasi-BLUE estimation system under the
total bit rate constraint B, where M > KOPL sensors are used,
the quantization bit rate for sensor k is bk (k =, ... M)

bk
+ bi
+ b3
(2 bk) Tg(Ui2
bi) Tg(Uj2
bj)

-

k 7i, j

under

lower bound Y 1)
(less than Eo) can be achieved
k=1 k
if the quantization bit rate for each sensor is not limited. But
under the total bit rate constraint B, whether a lower bound
less than Eo can be achieved if M > KOPL sensors are used
is a real question. To answer this question, we further analyze
the lower bound of the estimation MSE by any quasi-BLUE
estimation system with M > KoPt active sensors under the
total bit rate constraint B, which is stated in Theorem 2.

v

Ex-

the total bit rate constraint B? It is obvious that a lower bound
less than Eo cannot be achieved if M < KOPL sensors are
used, regardless of the quantization bit rate of each active
sensor. It is also known that if M > KOPL sensors are used,
M

=

re

I

can

M

El

E', then

bKoPt:

,bm, respectively, and E bk

B. Let
E1 denote the estimation MSE bound under this condition
(denoted as C1).
Step 1: Considering replace the active sensors i4 (k
, M) in the condition C1 by sensors k (k =,
1,
,M),
and the quantization bit rates don't change. That is to say,
the sensors k (k = 1,... , M) are active to estimate and
the quantization bit rates are bl,... , bm, respectively. Let
E2 denote the estimation MSE bound under this condition
(denoted as C2). It is easily to show that E2 < E1.
Step 2: Now we construct another sequence {b' } (k
1,... , M) by exchanging the order of the sequence {bk }
(k = 1, , M) in the condition C2 to make that b' > b,
if 0 <i<j < M, and let the sensor k(k = 1, ...M)
quantizes its observation with bc bits instead of bk bits. Let
E3 denote the estimation MSE bound under this condition
(denoted as C3). Also, it is easily to show that E3 < E12.
After the two steps above, we constructed a new scenario
where the first M sensors k (k =,... , M) with the smallest
< (72opt... < CM are
observation noise variances a 2 <
. >
used, and the quantization bit rates are b' > ... > b
b' . To simplify the notation, in the following we denote the
, , M) and b1 > ...>
quantization bit rates as bk (k
bKopt ... > bM.
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Step 3: Expressing the estimation MSE bound 153 with the
concept of the equivalent 1-bit MSE function g(u72, b) as
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From Eq. (23) and (24), we notice that there are
M

E
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bm equivalent 1-bit quantization sensor correspond-

, M), and they all
ing to the sensors m (m = KOPt + 1,
can be replaced by a serial of the equivalent 1-bit quantization
sensor replacement operations defined in Definition 1. After
finishing the replacement operations, we get a new condition
where only sensors k (k = 1,... , KoPt) are used, and the
quantization bit rates are changed to bk (bk is not necessarily
equal to boPt), and the total bit rate constraint is still satisfied,
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So from all the steps above, we get
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Fig. 3. The estimation MSE

Since the estimation MSE bound of the proposed
for heterogeneous sensor network is
Kopt

ever cannot be

A. Homogeneous Sensor Networks
In this section, we simulate a homogeneous sensor network
with N = 500 sensors, and the range of the observation
signal is [-1,11], i.e., W = 1. Define the signal to noise ratio
(SNR) as snr = 10 log10 (W2 ) and generate different SNR
by changing the observation noise variance (72. Assuming the
total bit rate constraint is B = 500 bits, Fig. 3 shows the
estimation MSE with different quantization bit rates under
different SNR. From the figure, it is shown that the optimal
tradeoff between the number of active sensors and the quantization bit rate of each sensor is obtained, for example, in
the case of snr = 20 dB, totally 125 active sensors with 4bit quantized message per sensor will produce the minimum
estimation MSE. From the results shown in Fig. 3, we also can
see that for low SNR case, such as 0 dB, 1-bit quantization
per sensor will lead to the minimum estimation MSE, on
the contrary, for high SNR case, multiple-bit quantization
per sensor will significantly decrease the estimation MSE
compared to only 1-bit quantization per sensor under the same
total bit rate constraint.

X-

KoPt

X-1

obtained with any quasi-BLUE estimator under the total bit
rate constraint B, regardless of the number of active sensors
and the bit allocation, the proposed algorithm gives a quasioptimal tradeoff between the number of active sensors and the
quantization bit rate of each sensor, and its estimation MSE
is within a factor 2.2872 of the theoretical lower bound.

i.e., E bk = B. Let E4 denote the estimation MSE bound
k=1
of this condition (denoted as C4), then E4 < E3 Since every
equivalent 1-bit quantization sensor replacement operation will
not increase the estimation MSE bound according to Lemma 2.
On the other hand, in the condition C4, only sensors k
(k =1, ... ,KoPt) are used to quantize their observations
with limited bit rates bk (k 1,
KOPW), so it is obvious
KoPt

ZKoPt

(E 12)

V. SIMULATION RESULTS
In this section, we will present some simulation results for
the proposed algorithms in Section III and IV, respectively.

and

KoPt

M

E bk

and a lower bound less than

1
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Heterogeneous Sensor Networks

In this section, we simulate a heterogeneous sensor network
with N = 500 sensors, and the range of the observation signal
is still [-1,11]. We assume that the sensor observation noises
to be spatially uncorrelated Gaussian distribution and the

45

observation noise variances to be Chi-squared distribution with
degree 1. For any given total bit rate constraint, our proposed
estimation method is to determine the number of the active
sensors and the quantization bit rate for each active sensor
to minimize the estimation MSE. In order to demonstrate the
efficiency of the proposed method, we compare the proposed
method with other two kinds of uniform schemes:
1) Uniform-I: For the given total bit rate constraint, the
same subset of active sensors as that used by our
proposed method is used, but the quantization bit rate is
uniform among all the active sensors.
2) Uniform-II: All the sensors in the simulated heterogeneous sensor network are used and the quantization bit
rate is uniform among all the sensors.

Fig. 4 shows the estimation MSE by our proposed method,
the Uniform-I method and the Uniform-II method, and the
theoretical non-achievable lower bound of the estimation MSE
presented in Theorem 2 under the total bit rate constraint.
From the figure, we can see that the proposed method outperforms the other two uniform schemes. Further, it also can be
seen that the estimation MSE of our proposed method is very
close (about 1.1 times) to the theoretical lower bound.
0-
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Uniform-1
Uniform-11

Lower Bound
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Fig. 5. The estimation MSE decreasing in percentage by the proposed
method comparing with the Uniform-I method under the different normalized
deviation of sensor noise variances.

VI. CONCLUSIONS
We considered the distributed estimation of a noisecorrupted parameter under the total bit rate constraint in
wireless sensor networks. To address the optimal tradeoff
between the number of active sensors and the quantization
bit rate, a concept of the equivalent 1-bit MSE function is
proposed, based on which an optimal solution to the rateconstrained estimation for homogeneous sensor networks and
a quasi-optimal solution for heterogeneous sensor networks are
proposed. Moreover, a theoretical lower bound of estimation
MSE under the total bit rate constraint is presented and it is
shown that our proposed algorithm is quasi-optimal, within
a factor (2.2872) to the theoretical lower bound. Simulation
results also show that our proposed method can achieve
a significant amount of estimation MSE decreasing when
compared to the several uniform schemes in which each sensor
quantizes its observation with the same number of bits.
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